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Abstract. In this paper we study some new von Neumann spectral invariants associated to the Laplacian 
acting on L 2 differential forms on the universal cover of a closed manifold. These invariants coincide with 
the Novikov-Shubin invariants whenever there is no spectral gap in the spectrum of the Laplacian, and 
are homotopy invariants in this case. In the presence of a spectral gap, they differ in character and 
value from the Novikov-Shubin invariants. Under a positivity assumption on these invariants, we prove 
that certain L 2 theta and L 2 zeta functions defined by metric dependent combinatorial Laplacians acting 
on L 2 cochains associated with a triangulation of the manifold, converge uniformly to their analytic 
counterparts, as the mesh of the triangulation goes to zero. 

Introduction 

Let (M, g) be a compact connected Riemannian manifold and M be its universal cover, which is a 



Riemannian manifold with the induced metric. Although we only consider the universal cover in this 
paper, our results extend easily to any Galois covering of M . Let Aj = d8 + 5d denote the Laplacian 
acting on L 2 differential j-forms on M, where d denotes the de Rham differential and 5 its adjoint. Let 
Xo.j denote the bottom of the spectrum of Aj on the orthogonal complement of its kernel. 

Let kj(t,x,y) denote the integral kernel of the heat operator e~ tAj . By parabolic regularity theory 
kj (i, x, y) is smooth. Since A,,- commutes with the action of the fundamental group ~K\ (M) , we see that 

kj(t,j.x,j.y) = kj(t,x,y) 

for all 7 £ tt\(M) (here we identify the cotangent spaces of x and j.x via 7). Recall that the von 
Neumann trace of e~* Aj is given by 

T(e~* Aj )=/ tr(kj{t,x,x))dx. 

Atiyah Q defined the L 2 Betti numbers of M as follows, 

&» a) (M)=r(P0, 

where Pj denotes the orthogonal projection onto the kernel of Aj. Then, since kj(t,x,y) converges as 
t — ► 00 uniformly over compact subsets to kpAx,y), where kpAx,y) denotes the integral kernel of the 
operator Pj (cf. pQ] ), we see that 

&L(M) - lim r(e-* A 0- 
Define the von Neumann algebra theta functions 

^■(t)=T(e-* A 0-^ 2) (M) 

Explicit calculations tend to show that the large time asymptotics of 9j{t) are of the form e~ Xo - jt t~P for 
some (3 > 0. This motivates the following definitions 

(3j(M,g) = sup{/3 £ Ft : e^ jt 6j(t) is 0{r p ) as t -> 00} £ [0, 00] 

Pj(M,g) =inf{/3 e Mit' is 0(e Xo ^6j[t))) as t -> 00} £ [0, 00]. 

Whenever Aoj = (note that this condition is independent of the choice of metric cf. ]l^|), /3j(M, g) and 
f3j(M, g) coincide with the Novikov-Shubin invariants (cf. |lQ ] , p2| , ||, Q) of M and therefore they are 
independent of the choice of metric. However when Xqj > general, they differ from the Novikov-Shubin 
invariants, and are probably dependent on the choice of Riemannian metric, as an example by Donald 
Cartwright |J appears to indicate. But j3j(M,g) and (3j(M,g) are by fiat clearly von Neumann spectral 
invariants, which tend to be finite even when Novikov-Shubin invariants aren't, as we demonstrate by 
examples in section 5. They are also invariant under scaling of the metric by a constant. The Hodge star 
operator on the universal cover of M is a von Neumann algebra isometry intertwining the Laplacians 
Aj and A„_j, where n denotes the dimension of M. Hence we see that /3j(M,g) = (3 n -j(M, g) and 
(3j(M,g) = f3 n _j(M,g) for all < j < n. Using the local Harnack inequality one observes that the 
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large time asymptotics of 9o(t) coincide with the large time asymptotics of ||e * A °||i^oo- It is unclear to 
us if this is also true on j-forms, where j > 0. 

We next give a summary of our results. Let K denotes a triangulation of M. In section 1, we define a 
metric dependent combinatorial Laplacian A^ ' W acting on L 2 cochains on the universal cover K, besides 
other background material. Section 2 contains a detailed analysis of the relationship between the spectral 
density functions for the combinatorial Laplacian and the analytic Laplacian. These estimates are the 
analogues on non-compact covering spaces of some results of Dodziuk and Patodi || that also enable us to 
show that the bottom of the spectrum of the combinatorial Laplacian, Xq^ W converges to the bottom of 
the spectrum of the analytic Laplacian Ao.j, as the mesh of the triangulation goes to zero. In section 3 we 
prove some estimates for the combinatorial and the analytic L 2 theta functions, which are used later on 

in the paper. In section 4, we prove that e A ° j t 9^' W (t) converges uniformly in t 6 [to, oo) to e x °- jt 9j(t), 
for any t > 0, as the mesh r\ of the triangulation K goes to zero. In section 5, we compute the values 
of the invariants (3j(M, g), j3j(M, g) for closed odd dimensional hyperbolic manifolds. In section 6, under 
the assumption that f3j(M,g) > 0, we define the von Neumann determinant of the operator Aj — X j as 
well as the analytic (3 torsion, which is defined analogously to Ray-Singer torsion |L8|, as an alternating 
product of the von Neumann determinants of A.,- — Aoj. We also define its combinatorial counterpart, 
which we call combinatorial /^-torsion. In section 7, we prove convergence theorems for L 2 theta and L 2 
zeta functions respectively, as the mesh of the triangulation goes to zero, extending to the non-compact 
covering space classical theorems ||. The latter arise naturally in the study of L 2 torsion invariants, see 
pG| , U and |L4j. We anticipate that the technical results of this paper have applications in a number 
of directions and will provide the groundwork for the investigation of other spectral properties of the 
Laplacian on non-compact manifolds. The results of section 7 also give evidence that the combinatorial 
/3-torsion converges to the analytic /3-torsion, as the mesh of the triangulation goes to zero. We plan to 
study this and other questions raised in this paper elsewhere. 

We conclude the introduction with the conjecture that /3j(M, g) is always positive. Earlier, Sunada |^3| 
had conjectured that this was the case for functions, that is, (io{M, g) > 0. This has been proved by Terry 
Lyons and we present his proof in the appendix to our paper. We also conjecture that (3j(K, g) converges 
to (3j(M,g) as the mesh of the triangulation goes to zero, where (3j(K,g) denotes the combinatorial 
counterpart of f3j(M,g). The results of section 4 suggest that this conjecture is true, and one can find a 
discussion of it over there. 



1 Preliminaries. 

In this section we establish the notation of the paper. We recall the definition of the combinatorial and 
analytic L 2 theta functions and also some of their basic properties following the notation established 
in Q and |Q (with some minor changes) . Thus (M, g) is a compact manifold without boundary with 
Riemannian metric g and dimension n. The fundamental group of M we denote by T and we lift g to 
a L invariant Riemannian metric g on the universal cover M . Now introduce the space fi(2) (M) of L 2 
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differential forms with respect to the volume defined by this metric. Denote by d the exterior derivative 
(which is a T- invariant lift of the exterior derivative on forms on M) on Q,(n\(M). Strictly speaking we 
must restrict the action of d to sufficiently smooth forms. When this becomes crucial we shall introduce 
the appropriate notation. Let if be a triangulation of M and K be the induced T -invariant triangulation 
of M. Let C(K) denote the space of cochains on K and CV2) (K) denote the space of £ 2 cochains on K. 

Following [Q, we use the de Rham and Whitney maps to relate the combinatorial and de Rham 
complexes. For AT, let A denote the de Rham map from the de Rham complex to the combinatorial 
complex and W denote the Whitney map which goes in the reverse direction and satisfies: 

AW = 1 

(we will review the definitions of these maps in section 2). We may use the Whitney map to define an 
equivalent inner product on C(2) {K) by setting 

< c CT ,c CT / >fj>=< Wc a ,Wccr> > 

where a, a' are elements of K and c a denotes the characteristic cochain of u. The fundamental group 
r acts on each of the complexes f2( 2 )(Af) and C(q\(K) by unitary operators. There are isomorphisms of 
L-modules: 

n (2) (m) s n (a) (AO ® P (r), c m (k) ^c{k)® e 2 (r) , 

where f2( 2 )(M) denotes L 2 forms on Af and T acts on £ 2 (T) by the left regular representation A. The 
von Neumann algebra generated by {A(7) | 7 G L} is a finite von Neumann algebra U with normalised 
trace denoted r. We may regard the trace r as being defined on the commutant as well (as in Q) by 
letting Xe denote the function in £ 2 (T) which is one at the identity of V and zero elsewhere and then 
t(B) =< Bxei Xe >p(T) j for any B in U or W. There is also a finite trace on the commutant B(C(K))®U' 
of this U action on CV2) {K): it is tr (8 t where tr denotes the usual matrix trace on the finite dimensional 
space B(C(K)). Note that U and W are anti-isomorphic Q. 

There is a semifinite trace also denoted tr<g>r on the commutant of the U action on 0( 2 ) (Af) . This 
commutant is just B(fi( 2 )(Af)) ®W so that 'tr' represents the unique semifinite trace on B(Q( 2 )(Af)) 
which extends the usual trace on the trace class operators. Where no confusion can arise we simply write 
r for any of these traces. 

Now we introduce the spectral density functions for these complexes. Let dj denote the restriction of 
d to j-forms, with a similar convention for df and df acting on C 3 (K) and C 3 2 ^(K) respectively. Let 

5j denote the Hilbert space adjoint of dj with 5^' W denoting the adjoint of the coboundary d^ with 
respect to the inner product on C(2){K). Define the analytic Laplacian Aj to be equal to dS + 5d acting 

on fl( 2 )(M). We also define the combinatorial Laplacian &f' W to be equal to d K 5 K,w + 5 K ' W d K acting 
on C(2){K). Regard dj as an operator on smooth j-forms in (kerdj)^. Then we may define the spectral 
resolution for Dj = Sjdj — XdE J x . By results of Atiyah and Singer g, the spectral projections 
E{ are in the commutant of the U action and have finite von Neumann trace. So we can also define 
the spectral density function Fj(X) = t(E j x ). Similar comments apply to the combinatorial operator 
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^k,w g0 ^at we may similarly define its spectral projections E^^^ and the spectral density function 
Fp(A). 

As in Dodziuk-Patodi j^J, we make the following assumptions on our triangulations . Firstly, we 
consider only triangulations K which are rectilinear subdivisions of any fixed triangulation Kq . The next 
assumption is that the fullness of K (see Jig / p. 125 for the definition) is bounded away from zero. 

We will next state a version of an elementary lemma which is due to Novikov and Shubin and whose 
proof can be found in the appendix of |l2j . 

Let F : 1R+ — > 1R+ be a non-decreasing function satisfying the following sub-exponential estimate, 
F(X) = 0(e eA ) for all e > 0. Then the Laplace transform of F exists, and is given by 

/>OC 

6(t) = / e~ xt dF{X). 
Jo 

Let b = lim F(e) = F(0 + ). Then b = lim 6{t). 

£—►0+ t^OO 

Lemma 1.1 : / (J^/ Let F and 9 be as above, and let a > 0. Then the following conditions are equivalent. 

(1) . There exists C > such that 

C- l X a <F(X)-b<CX a 

for all X small, X > 0. 

(2) . There exists C > such that 

C'-H- a < 9(t) - b< C't- a 

for all t > 0. 

More generally, one has the following equality 

lim inf = lim inf { _ ^m-ih 

A^0+ I log A J t-> oo I logt J 

In our context we need to consider a slightly different situation. Let G : 1R — > be a non-decreasing 
function satisfying the sub-exponential estimate G(X) = 0(e eX ) for all s > 0, and G(A) = for A < Ao 
where Aq > 0. Let ip{t) denote its Laplace transform, that is, 



I* oo 

V»(t) = / er xt dG{X) for t > 0. 



Let a = lim G(X) — lim tp(t). Then the following lemma is an easy consequence of Lemma 1.1. 



A— >A 



+ t— 5-00 



5 



Lemma 1.2 : Let G and ip be as above, and let a > 0. Then the following conditions are equivalent. 

(1) . There exists C > such that 

C- X (A - A ) a < G(A) - a < C(A - A ) Q 

for all A > Ao and A — Ao small. 

(2) . There exists C > such that 

c ,-X e -X t t -a < ^ _ - < c , e -\ t t -c 

for all t > 0. 

More generally, one has the following equality 

Um M r log(g(A) - a) 1 Um inf | _ log(yt) - a) _ Ap^ 
a-a d ^o+ L log(A — A ) J t-» oo L logt log^J 

In fact, we shall use below the one-sided versions of the above Lemma (for example, the RHS inequality 
in (1) is equivalent to the RHS inequality in (2)), and also the fact that the constants in (1) and (2) are 
connected: if the situation depends on some parameter, C and C go to or +oo at the same time. 



2 The Convergence of Spectral Functions 

In this section, we prove that the von Neumann spectral density of the combinatorial Laplacian converges 
to the von Neumann spectral density of the analytic Laplacian as we successively refine our triangulations 
so that the mesh goes to zero. We also prove the analogous theorem for the bottom of the spectra of the 
combinatorial and analytic Laplacians. We use the notation H S (M) for the Sobolev space consisting of 
forms uj with 

/ ||(1 + A) S / 2 W || <oo. (2.1) 

J M 

For the readers' convenience we now recall (cf 0) the definitions of the de Rham and Whitney maps. 
For every continuous form u> of degree p on M we define a cochain J lu G C p (K) by the formula 

/^=e(/ ct -)- 

Lemma 2.1 : Qj Suppose uj £ H k (M), k > ^ + 1, has degree p. Define the de Rham map Aui = j lo, 
then Auj is in Cr 2 )(K). Moreover A : H k (M) — > C(?\{K) is bounded and Ad = d K A. 

Let {Up}p^x° be an open covering of M by open stars of vertices of K, that is, U v — st (v) for v E K°. 
There is a partition of unity on M subordinate to this covering and which is given by the barycentric 
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coordinate functions. Both the covering and the partition of unity can be lifted to M so that we obtain 
a partition of unity {fj, v } v£ ^ indexed by vertices of K with the following properties: 



Now let a = [vq, 
Whitney map 



(2.2) 



supp fi v C supp st V 
H v ■ 7 = /u 7 -i K . 

,v p ] be a simplex of K. To simplify the notation we write \ii = \i Vi . Define the 



Wa 



p if P = 



pi /]{— 1)* fad/Jo A ... A dfii-i A d/ii+i A ... A d/i p if p > 0. 

i=0 

Note that j*Wa — W^~ x a by (2.2). Another property of Wa which we need is 

supp Wa = supp st a. 



(2.3) 



(2.4) 



Now for an arbitrary cochain / — Yif a c a we define Wf = T,f a Wa. In view of (2.4), the sum in (2.3) 
is locally finite and defines an I? form. For every / G C(2)(K) the form Wf is in f2( 2 )(M). Moreover 
W : C(2)(K) — > f2(2)(M) is a bounded operator with the following properties. 

(i) d • VF = W • d^ 

(ii) AW = I on C (2) (X) (2.5) 

(iii) 7*W/ = W(/«7) for every / G C( 2 )(if) and every 7 G T. 

The first two properties are provided in |25| . The third one is a consequence of our choice of partition 
of unity. 

Now we review some of the results of [|l0| and [[l2| which we need. Let H denote a Hilbert space 
with a trivial action of T and let V C l 2 (T) ® if be a closed T invariant subspace. Let Py denote the 
orthogonal projection onto V. Then we recall that dimr(T^) = r(Py). It can be seen that dimr(V) is 
independent of the choice of the F- invariant embedding of V as a subspace of £ 2 (T) ® iiS, where ifS* 
denotes a Hilbert space with a trivial action of V. Let S 3 X denote the set of F invariant subspaces L of 
(kerdj)^ C fiL(M) such that 

||dj-w|| < V\\\w\\ for all weL (2.6) 
and denote the set of T invariant subspaces L of (kerdf) 1 - C Cn\{K) such that 



\\df a\\~ < VA|| 
Then the respective spectral functions are also given by 



all ~ VaeL. 



(2.7) 
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Fj(X) = sup{dim r (i) | L € S{} (2.8) 

and 

Ff ' # (A) = sup{dim r (L) | L G 5**'^} (2.9) 

by the variational principle of [Io| and []l2"f . This principle is the analogue of the min-max principle in 
finite dimensions, and gives a variational characterisation of the von Neumann spectrum of our Laplace 
operators. We introduce the notation r\ for the mesh of the triangulation K (which is of course the mesh 
for K). 

Our first main result in this section is as follows, 

1 



Proposition 2.2 : There is a constant C\ independent of n such that if a < : — 1 and 

VCiTjIlogTjl 

A < [i, then 

Ff^{\)<F 3 {D»\), 
where Dfi = ( 1 — Cirj\ log 77 1 ( 1 + \/JI) ) — > 1 as \i is fixed and i] — > 0. 



The proof is contained in the following sequence of three lemmas. Let P, P K denote the projections 
Ij)- 1 and (kerdf 



onto (kerdj) and (kerdf)- 1 respectively. 



Lemma 2.3 : PW is infective on L, where L is a Y -invariant subspace of (kerdj) 
Proof: Let oel and PWa = 0, that is, Wa 6 kerdj. Then 

Wdfa = djWa = 0. 

Hence dj a = 0, since W is injective. But a 6 (hetdj) , so a = 0. 
An immediate consequence is that 

dimr(L) = dim r (PW(L)). 

This is because PW is injective on such subspaces and injective maps of W-modules into free modules 
preserve the T dimension of the space. 

Recall that E*# r C( 2) (K) = {a e C{ 2) {K) : \\df a|| 2 ~ < ^llall 2 ^}. 
The following is a highly non-trivial estimate in j^]. 

Lemma 2.4 : Let a € E*f< w CLJK), then one has for 77 sufficiently small 

\\WP*a - PWa\\ < d(l + y/U)ri\ log n\ \\a\\~. 
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Lemma 2.5 ; If a G Ef[' w CLJK) satisfies \\d K a\\~ < \f\ \\a\\~ and a G (kerdj*")- 1 ,, then one has 

\\dPWa\\ < (l-Ci^log^Kl+VM)) 1 V\\\PWa\\, 
for rj sufficiently small with respect to fi. 

Proof: Since d(l — P) = 0, we see that 

\\dPWa\\ = \\WdPaW = \\d*a\\~ 

< Vl\\a\\~ =V\\\P«a\\~ 

since by hypothesis a — P a. 

Lemma 2.4 and the equality a — P K a imply that 

\\P«a\\~ < (l-C^llogTyKl + VM))" 1 \\PWa\\. 

This proves the lemma. 

Proof of Proposition 2.2: For fixed ji and for rj sufficiently small, let D% = ^1 — C\rj\ log 77I (1 + V / /I)^ 

It follows from Lemma 2.5 that if L e 5^' ' and A < /1, then PW(L) E S 3 D n x , and from Lemma 
2.3 that dimr(i) = dinar (PW{L)). 

The proposition is then merely a consequence of the definition of Fj and F^' W . 
Our next main result of this section is as follows, 

Proposition 2.6 : There is a constant C2 independent of rj such that if fi < (C^f?) 2 ^ S — 1 and A < fi, 

s 2 

then FAX) < Ff'™{C$\), where Oi = f 1 + C ^ + ^ \ _^ 1 as ^ Q 
J 1 1 - C 2 ?7(l + up ) 

The proof relies on the following sequence of lemmas. 

Lemma 2.7 Q, ||/ The inequality ||w - < C 2 r?||o;|| s holds for all cu G H S (M) and s > § + 1 

where C2 is independent ofrj. 

Recall that £^ 2) (M) = ju; G C^ 2) (M) : \\d 3 u)\\ 2 < Ai|M| 2 }. 
The following lemma is taken from |9| , and its proof is easy. 

Lemma 2.8 ; For uj G £^QL(M) and s > 0, 

N| 2 <|M| 2 <(1 + m)1M| 2 - 
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It follows from this lemma that the dc Rham map is well defined and bounded on the range of E^. 
^From now on, we shall fix s > § + 1- 

Lemma 2.9 ||/: For lu S E^CtLJM) D (kerdj)^ and r\ sufficiently small, one has 

IMI< 1 tAt—^i \\p*M\w- 

Proof: The operator 

B = (1 - VKi)^ : ^ 2) (M) -> ^ 2) (M) 

is bounded for all j with 1 1 £> 1 1 < C*2?7(l + ^)^ (using Lemmas 2 . 7 and 2.8). Now because u> = WAui + Buj , 
and also as W : ker d^ — > ker dj and A : ker dj — > ker dj^ , we conclude that 

|M| = ||Pu||<||PWlu;|| + ||PPu,|| 

< \\PWPKAu\\ + \\Bw\\ 

< ||P^||~+C 2 r ? (l + /i)f|M|. 

An immediate consequence of this result is that the map P K A is injective on L, where L is a T invariant 
subspace of E^QP, 2 AM) n (kerdj)- 1 as soon as 

1 

V < 



c 2 (i + ^ 

Hence, for rj small enough with respect to /z, 

dim r (X) = dim r (P A 'AL) 

for all T-invariant subspaces L in the range of E\ where A < fj,. Again, this is because injective maps of 
W-modules into free modules preserve the T dimension of the space. 

Lemma 2.10 : Let uj e E^Cl^JM) satisfy \\dui\\ < V~\\\uj\\ and uj e (ker dj) ± . Then, for r\ small 
enough, 

Proof: Notice first that since d (I — P K ) = 0, one has 

\\d«p*M\~ = \\d«M\~ = \\wd^M\ = \\w am\- 

Now dio e EpQffi(M), since d 2 ui = 0. Therefore according to Lemmas 2.8 and 2.9, 

\\dw-WAdu\\ < C 2 rj{\ + n)%\\du>\\. 
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Therefore using the hypothesis \\du\\ < V\\\to\\, one has 

||WMdw|| < (l + C 2 ry(l + M) f )VA||w||. 
The conclusion of the lemma follows from Lemma 2.9. 

Proof of Proposition 2.6: For fixed jj, and for 77 sufficiently small, let C!i = < ^ ^* 2 ^^ ^ s \ 

[1 - C 2 f?(l +/i) 2 J 
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It follows from Lemma 2.10 that if L e S 1 ^ and A < y,, then P K A(L) E S 3 ^^ W , and from Lemma 2.9 
that dim r (L) = dim r (P K AL). 

The proposition is then merely a consequence of the definition of Fj and F^' W . 

We will now prove that k^ w , the bottom of the spectrum of S^' W d^ acting on 5^ ' W Cj^. 1 (K) , con- 
verges to Koj, the bottom of the spectrum of 6jdj acting on <Jjfi^ 1 (M), as the mesh of the triangulation 
K goes to zero. 



First notice that if < w Cffi (K) = (kerdf )- L = (kerjj^df )- L , and that ^Qg^M) = (ker^-) 1 - 
(ker^dj-) X - 



Therefore 



|^a|| 2 
1^ 



<f - = ae(kerrff)^ 



Ida; 



2 



and koj' = * n ^|~ij — |pT ' w ^ (k er 4j) 

Theorem 2.11 : The following inequality holds 

n-l ^ k.w , ^ 

where D v and C n tend to 1+ as n goes to zero. 

In particular, converges to Kqj as the mesh r\ of the triangulation K goes to zero. 

Proof: Take e > 0, and let w € (keidj) 1 - be such that 

||<MI < (koj+£) 1/2 |M|. 
According to Lemma 2.10, for r] small enough, 



Therefore 



2 
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Since e is arbitrary, this gives 



°- J ~ ll-C 2 77(l + KOj)* 

and one sets 



6 N 2 



= f 1 + C 2 r;(l + K0j )f ) 2 
" 1 1- 0,77(1 + koj)* J ' 

Take e > 0, and let a € (kerdj^) 1 - be such that 

\\d«a\\~<{^f+eyl> \\a\\~. 



For 77 small enough, ( 1 — C\rj\ log 77I (1 + (kq 'j + e) 1 ^ 2 )) i s positive, since by the inequality just proven 



K 0j W i s bounded when rj goes to zero. According to Lemma 2.5, 

\\dPWa\\ < (l - lo g 7?|(l + (4f + e )Va )) "'(^ + e) i/a || P ^ a || , 

hence 



Ko,j < (1- Ci7j|logr7|(l + y«;oj )J «bj ■ 
Now, if Kqj W is bounded from above by if as 77 goes to zero, one sets 

D v = (l- epilog 771(1 + VK)y\ 

According to p. 11 (see also Q p. 385), the spectrum of Sjdj acting on 6ji$g}(M) coincides with 
the spectrum of djSj acting on djfl J ^(M). Therefore one has 

Ao,j = minimum{Koj-i, kqj}, 

where Ao,j denotes the bottom of the spectrum of the Laplacian Aj acting on Vt', 2 s{M). Similar remarks 
apply in the combinatorial situation, and we can therefore state 

Corollary 2.12 : The bottom of the spectrum 0} the combinatorial Laplacian Aj ' acting on C'LAK), 

X^ W , converges to the bottom of the spectrum of the Laplacian Aj acting on Cl'LJM), Xoj- More 
precisely, the following inequality holds 

where and C v tend to 1 + as rj goes to zero. 
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3 Estimates for L 2 Theta Functions. 



In this section, we prove some basic estimates for the L 2 theta functions which we will need later on in 
the paper. 

Note firstly that if Nj = t(E&.), where Aj — J XdE^ j (A) is the spectral resolution of the Laplacian 
Aj, then Nj = Fj_i + Fj + &L(M) (cf. @). One sets F_ x = F n+1 = 0. Let Nj = Nj + b 3 (2) (M), that 
is, Nj — Fj-x + Fj. Recall the definition of the theta function for the Laplacian on L 2 j-forms: 



(>OC 

9j (t) = T{e~ tA > ) - 1j> (2) (M ) = t I e~ tx Nj (X)dX. 

Since 



d 

9j is a decreasing function. 



f t e j (t) = -T(A j e- t ^)<0 ) 



We use a similar notation for the theta function of the combinatorial Laplacian, that is, 



9f> w (t)=t e~ tx Nf' W (X)dX. 
Jo 



For the needs of section 4, we consider the truncated theta functions 



and 



, 3 ,„(t) = t I e- M Nj(X)d\. 



*f(t)=t\ e- M Nf' w {\)d\ 



where i/ n is non-negative and bounded. Our aim is to investigate the convergence of the former to the 
latter as the mesh goes to zero. Note that 8^' W , 9j, u , are decreasing as well. 

Proposition 3.1 There is a to — to(r)) such that ift>to>0, then 

(1) . e A o.i^~ 1 *e j> (C;t) < e^f'Offit) + £ (t?) 

(2) . e x ^ D ^ H 6j{C' v t) < e<f l ef^{t) + e(r]) 

(3) . ^(c;t)<^(i)+^) 

where to — > 0, e — > as r\ — > 0, D n is as in Proposition 2.12 and tends to 1 + as n goes to zero. 

Proof: Choose /i = r\~ a , < a < 2/s. Then, for r] small enough, exists and tends to one as n goes 
to zero. Define C' v = C%. Write 

P fJi POO 

^\a,jDr,~ tn ( r* f +\ — n 1 +^An.i-D r , _ t I „ — tC' A at- / , r* f j-^Ao.t-Dtj - t I „—tC'\ 



°<* Dr > t 9j >v {C l 7l t) = C' v te Xo <* D * *J e~ tc v x N :j (X)dX + C' ri te x ^ D ^ t J e - tc v x Nj{X)dX. 
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By Propositions 2.6 and 2.12, 



^ K' m t a K,W /,n 



We now proceed to estimate the error 

/>oo 



Recall that the small time asymptotics of the heat kernel on differential forms on the covering space is 
given for n = dim M by 

r(e- tA = Cj t- n ' 2 + R(t) 

where lim t - t n l 2 R{t) = as in |Q . Hence by the Tauberian theorem, the function Nj (A) has the large 
A asymptotic expansion 

^(A) = Cj A"/ 2 + /,(A) 

where liniA^oc A - ™/ 2 fj{\) — 0. It follows that, given e > 0, there is a Aj > such that for all A > Aj 

Nj{\) < ( Cj +e)A"/ 2 . 

Hence, if t > to = 1 , then e(?7,t) < e(r),to). Now, fi tends to infinity as r\ goes to zero. 

Thus, for j] small enough, 

/>oo 

POO 



i < 



/0 , » Jc^-crijjj 
< 4(C;)- n / 2 (C> 4 e = ^0 as 77^0 



where 



oo 



c' =( Cj +e)2- +1 / e-y(y + \ ^dy. 



o 



The proof above also works for parts (2) and (3). 

As a converse to the previous result we establish the following inequality. 

Proposition 3.2 There is a to = to(r]) such that ift>to>0, then 

(1) . e^f'effit) < e x ^% tV {D'-H) + 8(7]) 

(2) . e x ^ Wt 0f^{t) < e^^e^D'-H) + e(rf) 

(3) . f$&{t)<9 j {D'-H)+ e ( n ) 
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where to — > 0, e — > as 77 goes to zero, C r) is as m Proposition 2.12 and D' n tends to 1 + as 77 goes to 
zero. 



Proof: Choose for example fi = 77 Q , < a < 1. Then, for 77 small enough, exists and tends to one 
as 77 goes to zero. Define D'^ = D%. Write 

e^f'effit) = e x lfH I" e- tX Nf^(X)d\ + e x lfh [°° e^Nf <™(\)d\. 



By Propositions 2.2 and 2.12, 



e A °i 't / e- tx Nf' w {X)d\ < e A °i H / e-^N^D'^dX 

J -V).j + ^77 J Ao,j + *A 7 

< e^'^^ej^iD'-H). 

We now proceed to estimate the error 



By the fullness assumption on the triangulation if, dimr(C^ (if)) = dim(C J (if)) grows like 77 ™ as 
77 — ^ 0, sec |^| . One then sees that the spectral density function of the combinatorial Laplacian on 
L 2 j-cochains iV- ' (A) must be bounded, 

JVf '^(A) < c jV - n . 
Hence, if t > to = — , , then 5(77, t) < £(77, to) and 

/ \ K,W 

J 11 

— n —ta\U—A n ■ 
= CjT] e y °'3 ' 



Cj r}- n e V M A ^' -►o as 77^0. 



The proof above also works for parts (2) and (3). 

Finally, since 6j, 0- ' , 6j <v , and dfj, are decreasing, one can replace C v and C' v by sup(C n , C r ' ( ), D v 
and D' by sup(D r/ ,D^ ) ) in 2.12, 3.1, and 3.2; this means that from now on we can identify C n and C , 
Drj and D' as long as we only use the fact that they tend to one from above as 77 goes to zero. 
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4 The Main Approximation Theorem 



In this section, we prove our main approximation theorem, Theorem 4.1. This is proved using the 
approximation theorems for the truncated L 2 theta functions of the previous section, as well as the 
approximation theorem for the bottom of the spectra of Laplacians in section 2. We will assume that 
Xo.j > in this section. The case when X j = is proved in section 7. 

Recall the definition of the (3 invariant, 

j3j{M,g) — sup{/3 G M : e x °' jt 9j./\(t) is O{t~ ) as t -> oo} e [0, oo] 

= liminf(-^M)-^} 

t^oo [ logt logt J 

Then our main theorem is 

Theorem 4.1 : Assume that (3j(M,g) > 0. Then in the limit as the mesh r\ of the triangulation K 
goes to zero, e X °^ t 0f ,W (t) converges uniformly to e x "' jt 9j(t) on [t ,+oo[ for any t > 0. 

The proof of this theorem is an immediate consequence of the following three lemmas. For the rest 
of this section, we assume that fij(M,g) > 0. First choose v v satisfying the following conditions: 

(1) v v > and v v — * as r\ — > 

(2) \*j w < \ 0J + v n 

(3) D- x \- XojCr, > for A > A 0j + v n . 

Here D V ,C V — > 1 + as i] — > 0, and satisfy 2.12, 3.1 and 3.2 (see the remark at the end of section 3). 
Then we have 

Lemma 4.2 : As r\ goes to zero, e x ° dt 9j^(t) — e X °-i t 0^ W (t) converges uniformly to on [ti, +oo[ for 
any t\ > 0. 

Proof: By Proposition 3.2 and Theorem 2.12, one has for t = t a (rf) and t > t 

e^f'effit) - e^%, v {t) < e>«'' c «%, v (D-H) - e*>-'% lV (t) + e(rj). 

Also by Proposition 3.1 and Theorem 2.11, one has for n small enough and t = t (rj) and for t > t 

e x °-%„(t) - e^f'effit) < e^%, v {t) - e^^'^^i) + e{n). 
So we deduce that for t >t 

1G 



< e^^O^iD-H) - e^^B^iCrfi + 2efa). 



Let us estimate 

I{t,rfi = e x ^ c ^e^{D-H) - ^ D ^%, v {C v t) 



f-OO f-OO 

t e-^ D n 1 - x ^ c ^ t N J {X)d\-t e-^- Xo ^ D n^ t N j (X)d\. 



Let 



a(X,r]) = XD V 1 — XojCr, 

and /3(A, 77) = XC n - Aoj-D" 1 . 
First fix ^ so that ti > l/(/Jo — A 0j ). Then 

I(t,ri)=I 1 (t,ri)+I 2 (t,ri) 
where h{t,rf) = ^e""^* - e - 0( - x '^ t )N j (X)dX 

and I 2 (t,r))= t{e~ a ^ x ' r ^ t — e~^ x ' r, ^ t )Nj(X)dX. 

J Mo 

Let us first examine I 2 (t,ri). For 77 near zero, the function t — > t(e~ Q ( A ' r ')* — e~^ A,?? )*) is monotonic 
decreasing for t > 1/a. Now, for 77 small enough, 1/a < t±, and for t > t\, the integrand in l2(t,r]) is 
smaller than ^(e^^* 1 - e^*'^* 1 ). Thus / 2 (*,»7) < h(h,v), t > t 1 and we have to show the right 
hand side can be made small. 

Now consider r(ri) = t^er^^ 11 — e~ -/ 3 ( A ^)*i) as a function of 77. As 77 — > 0, a(X, rj) increases to 
A — Aoj while (3(X, 77) decreases to the same value. Thus r(rj) decreases to zero as 77 goes to zero. By 
the dominated convergence theorem, I 2 (ti,r]) goes to zero. We conclude that hit^i]) — > uniformly in i, 
t > t\ as 77 — ► 0. 

Next we estimate 77). Consider 

/(*) = fe - "^' 7 ^! - e -(P( X '-n)-<*{^n))t^ 

for i e [0, 1]. Then max ^ + ^ /(i) = max £ ^| /(t) and 

max f(t) < max te' 01 ^ 1 max (1 - e~ (/3 - a)t ) 
te[o,|] *e[o,|] «e[o,|] 

< J_l (/3 _ a ). 
e • a a 



So 



Now 

P(X, 77) - a(A, 77) = (C„ - Ar')(A + Ac,,). 
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Moreover, since @j(M,g) > 0, Lemma 1.2 tells us that 

iV j (A)<C7(A-Ao, j )' 3 , 
for (3 e]0, 1[ and A < A ,j + 1. We first estimate 

Now assumption (3) implies that v " - - — - is bounded from above. Using this we see that 



r° (/3(A^) a(A,77)) ^ (A)dA ^ c{Xo j+flo)(Cv _ ^-i )jVj ( Mo )(l - ( Mo - Ao,,)- 1 ). 

JAo.,+1 "(AW v 7 



This is a uniform estimate in t, t > ti, and the right hand side goes to zero as r] — > 0. We next estimate 
2 r (/J(A,T?)-a(A,»7)) 

e Ao, 3 +i 

This is a uniform estimate in t, t > ti, and the right hand side goes to zero as r/ — > 0. Combining these 
estimates, we conclude that I\(t, r/) — > uniformly in t, t>t\ as 77 — > 0. This completes the proof of the 
lemma. 

Lemma 4.3 : ^4s 77 goes to zero, e x "' jt 9j, u (t) converges uniformly to e x "- jt 9j(t) on [0, +00 [. 
Proof: We estimate 

\e Xo ^6 jiV (t) - e Xo ^ej(t)\ = t f °"' + e- ( - x - Xa ^ t N J (X)dX. 



Since the function t —* te ^ x x °^ t has its maximum at t = \_\ 1 we see that 



< C—v/ where /3 > 0, since (3j(M,g) > and by Lemma 1.2. 

This proves the lemma. 

Lemma 4.4 : j4s 77 goes to zero, e °>s 9j I (t) — e °-o 9j ' (t) converges uniformly to zero on [0, +00 [. 
Proof: We estimate 

\e X lf t 6ff{t)-e X lf t ef^{t)\=t ty-" e-( x - x lf)t N f< W (\)d\. 
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By Proposition 2.10, N, , ' (A) < Nj(D v X), and because Pj(M,g) > 0, 

Nj(X)<C(X-X 0!j f, 



for 13 > and A < A 0j + 1. Therefore 



A, 



K ,W 
•0,3 



( 'U K ' e- xt (D n X- X ,jf dX 




< 



< 




e- M dX 



This proves the lemma. 

This also completes the proof of Theorem 4.1. 

Remarks. Suppose one could prove the following result, 

Assume that (3j(M,g) > 0. Given small e > 0, there are positive constants C\ and Ci which are 
independent of the triangulation such that 



Then, combined with Theorem 4.1, one could deduce a conjecture stated in the introduction, that is, 

Assume that f3j(M,g) > 0. Then j3j{K,g) converges to f3j(M,g) as the mesh of the triangulation 
goes to zero. Here f3j(K,g) denotes the combinatorial counterpart of (3j(M,g). 

We are sadly as yet unable to improve the estimates in this section to prove these conjectures. 



5 Calculations 

In this section, we calculate our von Neumann spectral invariants f3j (X, g) on closed hyperbolic manifolds, 
showing that they differ in general from the Novikov-Shubin invariants. We also define Riemannian 
manifolds (M,g) with positive /3-decay, that is, (3j(M,g) > is positive for all j. We prove a result which 
gives some evidence to the conjecture stated in the introduction. 

Let X be a closed hyperbolic manifold of dimension d = 2n + 1. This means that X = T\G/K is a 
rank one locally symmetric space with G = SO a (l, d), K — SO(d) and T C G is a torsion- free co-compact 



Cit -f3 ] (M,g)-e < Q.^ < ^ j-ft (M,g)+e ^ 
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discrete subgroup. We shall use some results of Fried to help us compute our invariants for X. We 
first describe the Laplacian Aj on j-forms on G/K in group theoretic terms as in 

It turns out that if one normalises the Killing form c on the the Lie algebra Q of G to 2rf 1 _ 2 c, then the 
induced G invariant metric on G/K has constant sectional curvature equal to —1. 

Also the Casimir operator on G induces a Casimir operator fL on G/K acting on the space of L 2 
sections of the homogeneous vector bundle of j-forms on G/K. Then the Laplacian Aj = — ^J_^ Clj is a 
constant multiple of the Casimir operator. 

Consider the Iwasawa decomposition G = KAN where A has dimension one and hence G/K is a rank 
one symmetric space such that the rank of G is greater than the rank of K. Let M be the centraliser of 
A in K. 

G has no discrete series representations and the principal series representations of G are parametrised 
by M x M, which carries a smooth Plancherel density On each line a x M, it is of the form P a (v)dv, 
where P a {y) is an even polynomial of degree d— 1. 

The a's which are of interest to us are those which occur in the restriction of to the subgroup M, 
where £j denotes the usual representation of K = SO(d) on A J (F . Writing W = dJ d ~ 1 ©<T, we observe 
that each u G A 3 (F d is of the form J + w" A dx d where J G AW^ 1 and w" G A-J-^ -1 . Hence 
restricted to M is isomorphic to aj © <Jj—i, where <7j is the usual representation of M = SO(d — 1) on 
A J (T . Each <7j is unitary and irreducible except in the case when j — n, in which case it decomposes 
as a direct sum of two irreducible representations and o~J . 

The following theorem can be deduced from Jll| , theorem 2, observing that the von Neumann trace 
of the heat kernel on j-forms on G/K is just the identity term in Fried's version of the Selberg Trace 
Formula for the trace of the heat kernel on j-forms on X. 

Theorem 5.1 For j — 0, 1, ..,n we have 

6j(t) = r(exp(-tA j )) = I t (<rj) + h^j-x) 

where 7 t (cr_i) = and 

/oo 
-oo 

Here aj — (^J 1 ^ vol(X) and Cj = n — j. 

By the isometry induced by the Hodge star operator, we see that 

9j(t) = e d ^(t) 

for j = 0, 1, 2, n and hence we obtain expressions for 9j(t) for j = 0,1, ... ,d. Using these, and the 
explicit expression for the Plancherel measure |13| , JljJ, we will be able to compute f3j(X). 

Theorem 5.2 . Let X be a closed hyperbolic manifold of dimension d — 2n + l. Then (3j(X) — /3j(X) = 
f for j = 0,1,. .,7i-l and\{X)=(3 n {X) = \ . 
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Proof. Using the following explicit expression for the Plancherel measure, 

-l n 

p CT » = (* 2 +(n-j) 2 ) U{- 2 + k2 ) 

k=Q 

we see that for j < n — 1 , 

I t ( aj ) = d exp(-te 2 ){ y exp(-iir> 2 ^ + 0(t"3)| 

= C"( exp(-ic 2 ){Vi +0(t"i)j as t -> oo. 

Using the previous theorem, we see that (3j(X) = (3j(X) = | for j = 0, 1, .., n — 1. 
The case when j = n remains to be studied. In this case 

/oo 
exp(-ii/ 2 )di/ + 0{ri) = C^fi + 0(t - *). 
-oo 

Using the previous theorem, we see that (3 n (X) = (3 n (X) = |. 

Definition 5.3 . A closed Riemannian manifold (M,g) is said to have positive (3-decay if (3j(M, g) > 
is positive for all j . 

We recall that a closed Riemannian manifold {M , g) is said to be L 2 -acyclic if all the I? Betti numbers 
of its universal cover vanish, that is, tiLJM) = for all j. (cf. Q.) 

Proposition 5.4 . Lei (M,g) be a closed L 2 acyclic Riemannian manifold with positive (3-decay, and 
(TV, h) be any closed L 2 acyclic Riemannian manifold. Then (M x N, g x h) has positive /3-decay. 

Proof. Since M x N is given the product metric g x h, 

rMx^e^'") = £ r M ( e -^)r N (e-^) 

i+j—k 

and 

A Sffc XAr = minimumte + Aqj :i+j = k\. 

Since M and N are L 2 -acyclic 

^ M xAr w = E «f (*)flf (*)• 

i+j— k 

Hence we see that 

(3 k (M x N,g x /i) = minimum|/3i(M,5) + /3j(iV, fr) : i + j = fej 
The theorem follows. 

Corollary 5.5 . Let (M,g) be a closed, odd dimensional, hyperbolic manifold with positive (3-decay, and 
(N, h) be any closed L 2 acyclic Riemannian manifold. Then (M x N, g x h) has positive (3-decay. 
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6 Von Neumann Determinants and j3- Torsion 



In this section, we assume that (M, g) is a closed n-dimensional Ricmannian manifold such that 0j (M , g) > 
0. We will define the von Neumann determinant of the operator Aj — Xqj on M following ideas of and 
where the von Neumann determinant of the operator Aj was studied. Hence we will also assume 
that Ao,j > 0, without any loss of generality. We will compute these determinants for certain closed 
hyperbolic dimensional manifolds. We also define the analytic /3-torsion in terms of the von Neumann 
determinants of the operators Aj — Ao,j, by analogy to Ray-Singer torsion Q. We also define its 
combinatorial counterpart, which we call combinatorial /3-torsion. In the next section, we prove a result 
which gives evidence that the combinatorial /3-torsion converges to the analytic /3-torsion, as the mesh of 
the triangulation goes to zero. 

We begin by defining the partial L 2 zcta functions of the operator Aj — Aoj as follows. 
Definition 6.1 . The partial L 2 zeta functions of the operator Aj — Ap.j are 





Here s belongs to a subset of complex numbers which will be specified shortly. 



We begin by proving the following lemma. 



Lemma 6.2 . Q (s) is a holomorphic function in the half-plane 5ft(s) > n/2 and has a meromorphic 
continuation to C with no pole at s = 0. 



Proof. Using ^0|, we have an asymptotic expansion as t — > + of r(e tAj ) 



oo 



r(e- tA 0~t-" /2 X>^ as i -» 0+ 



3=0 



Hence e x °- jt 




) has the following small time asymptotic expansion 



oo \ k 



i=0 l+k=i 



In particular, e A ° ^r(e~* A j) < C^" /2 for < t < 1. We deduce that &\s) is well defined on the 
half-plane 5R(s) > n/2. Clearly 




in this region, that is, ^j 1 ^ (s) is holomorphic in this half-plane. 
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The meromorphic continuation of Cl 1 ^ 5 ) to the half-plane Jt(s) > n/2 — N is obtained by considering 



the first N terms of the small time asymptotic expansion of e A °' 3 '*r(e tAj ), 



<f } w = -(' 



Aoj _i N 6j 2) (M) i 



A j ) sT{s) T(a) 

/ e^ -l \ b (2) (jjjO 1 
I A j / sr(s) + T(s) 



/ ^-^(E E 



s) 



i=o ;+fe=' 

E r M +^( g ) 

^ (a + t - n/2) 



where Rn(s) is holomorphic in the half plane 9?(s) > n/2 — N. 

By observation, we see that the meromorphic continuation of (^(s), also denoted by £-^(s), has no 
pole at s = 0. 



X -^fSly> (2) {M) if n is odd. 



Corollary 6.3 . C (1) (0) 



Lemma 6.4 . Cj°°'(s) is holomorphic in the half-plane Sft(s) < f3j(M,g). 

Proof. Using the estimate e A °^*0,(t) < Ct-&( M >s)+ e we see that Cj^OO is well defined on the half-plane 
3fc(s) < /3j{M 7 g), since 



C (oc) (s) 



< 



c 



|r( s )(5R( s )-^-(M, 5 ))| 



whenever 3?(s) < /3 7 (M, g). Clearly — Ci°°^( s ) = on this half-plane. 

as J 

The following is an immediate consequence of the proof of Lemma 6.4. 
Corollary 6.5 . (0) = 0. 



Definition 6.6 . Define the L 2 zeta function of the operator Aj — Xqj as follows. 

C-(«) = cj 1) (*) + cj oo) («). 

The following theorem summarizes the prior lemmas. 
Theorem 6.7 . (j(s) is holomorphic near s = 0. Its value at zero is 



0(0) 



) 6 (2)( M ) + E;+fc=f l / n * s et,en 

^if±W {2) (M) if n is odd. 
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Definition 6.8 . The von Neumann determinant of the operator Aj — Aoj on M is by definition 

\Det T \(A j -X Od )=ex.p(-C j (0)). 

We now compute this determinant on hyperbolic manifolds. In principle, it is possible to use a 
computer program and compute all the determinants. As an illustration, we compute the von Neumann 
determinant of Ai — A ,i = Ai — 1 on five dimensional hyperbolic space. We use the notation of section 
5. 

Since there are no L 2 harmonic differential forms on five dimensional hyperbolic space, we see that 
0(0) = by Theorem 6.7. By Theorem 5.1, 

6i{t) = r(exp(-iA 1 )) = 7 t (<7i) + I t {a ) 

where 

h{oj) = a>j j cxp(-t(i/ 2 + c 2 ))P aj {v)dv 

J — oo 

Here j = 0, 1, a, = (j} vol(X) and A 0j = c 2 = (2 - j) 2 . 
An easy calculation yields 

Lemma 6.9 . The von Neumann determinant of Ai — Ao,i is given by 

log |Det,-|(Ai - 1) = 8.7062 vol(X) 

Next we define the analytic /3-torsion to be 

Definition 6.10 . Suppose that M is a manifold with positive (3-decay. Then the analytic (3-torsion is 
defined to be the product 

n 

T(M,g) = ni^|(A J --A , j )^ 

3=0 

One can make an analogous definition in the combinatorial setting. The results of the next section 
suggest that the combinatorial torsion may converge to its analytic counterpart. We plan to discuss this 
further elsewhere. 



7 Convergence of Theta and Zeta Functions 

Using the results of section 3, we prove in this section that the L 2 combinatorial theta function, as a 
function of the time variable converges uniformly on compact subsets to the L 2 analytic theta function 
as the mesh of the triangulation goes to zero. 
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Then we are able to prove the analogue of this result for L 2 -zeta functions. However, to define 
these zeta functions, one needs to impose the condition of positive decay on the manifold. Our method 
of circumventing the slow decay of the L 2 theta functions is to split the L 2 zeta functions into two 
partial zeta functions. We introduce an analogous splitting of the combinatorial L 2 zeta function and 
prove that the resulting partial zeta functions converge as the mesh of the triangulation goes to zero to 
the corresponding L 2 analytic partial zeta functions, uniformly on compact subsets of their respective 
domains. These results are analogs for our situation of the Dodziuk-Patodi theorems S. 

If our manifold has positive /3-decay, then using Theorem 4.1, we prove that the zeta functions of 
the operator &f' W — Aj'j Vl ' converge to the zeta functions of the operator A 3 — Xoj as the mesh of the 
triangulation goes to zero. Recall that we have also come across these zeta functions in the previous 
section. 

We begin with 

Theorem 7.1 : As the mesh goes to zero, 9?' (t) converges to 9j(t) uniformly on the set [ii,oo) for 
any t\ > 0. 



Proof: By Propositions 3.1 and 3.2, we see that 



< \6AD-H) ~ 9 3 {t)\ + \9 3 (C n t) - 9 3 {t)\ + s(r,). 



So it suffices to prove that 9 3 (B rj t) converges, uniformly in t € [ti,oo), to 9 3 {t) as rj — > 0. Here B v — > 1 + 
as 7] — > 0. By the mean value theorem, we see that for t > t\, 

< \B n -l\M 

where M = sup \t T(Aj-e -tAj )|. It suffices to show that M is finite. 

t>ti 



Now, 



tT(Aje- tAj ) = tl Xe-^dN^X) 



,-tA, 



t / e- tA N J (X)dX + t 2 / Xe Nj(X)dX 



-r(e- tA ^ ) + Ae- A iV j (jj dX. 



So for t > h, 

\t T(A je - tA *)\ < b\ 2) {M) + Bjih) + £ Xe- X N 3 (J-^ dX. 

That is, M < oo. 

Let M denote a closed manifold. Recall the definition of the Novikov-Shubin invariants, 
atj{M) = sup{/3 S R : 9 3 (t) is O^"' 3 ) as t -> oo} G [0, oo]. 
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It has been shown by Novikov and Shubin jio| that the numbers ctj(M) are independent of the choice of 



metric on M , and in fact Gromov and Shubin 1 12 show that they depend only on the homotopy type of 
M. We recall from jl6| the following definition. 

Definition 7.2 ; A manifold M is said to have positive decay if all of its Novikov- Shubin invariants 
ctj(M) are positive, for j > 0. 

Let K be a smooth triangulation of M. Recall the definition of the combinatorial analogue of the 
Novikov-Shubin invariants, 

a 3 (K) = sup{/3 G M : 0f' w {t) is O{t~ ) as t -*■ oo} G [0, oo]. 

It has been shown by A.V. Efremov Q that the numbers ctj(K) are independent of the choice of trian- 
gulation of M, and hence they depend only on the topology of M. In fact, Efremov proves that 

a j {K) = a j {M). 

Note that one can extract the proof of his result from sections 2, 3 and 4. 
See 17 , JlJ] for numerous examples of manifolds with positive decay. 



In the following discussion, we will only consider manifolds with positive decay. 

Now we define the zeta function of the Laplacian A 3 following [^6j, and recall some of its properties. 
Introduce two partial zeta functions: 

(j(s, 1) = f^) / Ait*)*"" 1 *. 0»( s ) > ^dimAf), 
and under the assumption that M has positive decay, 

1 r°° 

Cjis,OC) = T(s)Ji ^ ^ ^ <a ^ M ^- 

Then Q(s,oo) is analytic for 3?(s) < ctj(M) whereas (j(s,l) is analytic for 3?(s) > ^dimM and has 
an analytic continuation to a neighbourhood of zero. Thus with this understanding we can define the 
zeta function to be the sum 

0(a) =G(*.°o) +&(*.!)• 



It is analytic on a neighbourhood of zero. 

We have seen that the assumption of positive decay implies decay for 6^' W (t) (with the same ctj(M)) 

and hence we may define zeta functions C^' W {s) similarly in terms of 9^' W (t) (note however that in 
the combinatorial case the theta functions are well defined at t = and so the analytic continuation we 
employed above is not necessary). 
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Theorem 7.3 . Let M be a closed manifold with positive decay. Then 
1. the combinatorial partial zeta function 



1 



i» Jo 



t s-l 9 K,W^ dt 



converges for K(s) > idimM = l| uniformly on compact subsets to 



G(M) 



I?. w/wZe t/ie oi/ier combinatorial partial zeta function: 



~ ~ -, /-CX> ~ ~ 

Cj ^ (s,oo) = — ^ t 0. (i)df 

converges for 3?(s) < a(M) = min{aj(M)} uniformly on compact subsets to 

1 f 00 

0( a ,oo) = ^ ^ r-Hi(t)dt. 

Proof, fart i. Let F be a compact subset of the half-plane 3?s > that is 3?s > ^ + 5 for all seF. 
We need to prove that given e > 











la 





N j (X)-N^ w (X))dX 



< e. 



for all small enough and for any s E F. 

Since 6j(t) < Ct~% for < t < 1, one sees that 



/>1 />oo 

|r(s)Cj(s, 1)| < / dt t^e- tX N j (X)d\<oo 
Jo Jo 



is finite and bounded for any s € F. Therefore, given e > 0, there is an m > such that 



/>1 />oo 

/ dt / ^We-^iV^AJdA <e. 



By the uniform convergence theorem and using Propositions 2.2 and 2.6, one has for n small enough, 









f «■•-"( 


'o 





< e 



uniformly for s E F. In the notation of Proposition 2.2, define the interval 

r 1 •> 2n 



Sm= ( m '{^- 1 }) 



where /i = (t]\ \ogn\) 2 . Then by Proposition 2.2, for all A e 5 m one has the inequality 



Nj (X) < Nj(D v X). 
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On the other hand, if A > to and A ^ S m , then there is a j3 > such that 

A>/3(r/|log7?|)- 2 
for all rj small enough. By the fullness assumption on K, one has 



Nf' W {\) < 7??" 



for some 7 > 0. 

One estimates for s e F, 



dt 



t s e- xt Nf' W (\)d\ 



< 



dt 



t^ s) e~ xt N :j (D ri X)dX 



Jo J 


\es m 


+ f dt 
Jo 


^e~ xt Nf^{\)d\ 


< D* {s) e + 7/?- R (V 4 | log^l 2 Re[s) 



Thus there is a constant C > such that for s e F, one has 



Z" 1 r c 

dt v ' v-u , 

JO im 



t s e- xt Nf' w (X)d\ 



< Ce 



for all 77 small enough. 
This proves Part 1. 

Part 2. Let F be a compact subset of the half-plane Ji(s) < <x, (M), that is 3?(s) < Q!j(M) + 5 for all 
seF. We need to prove that given e > 



dt <e 



for all 77 small enough. For s e F, we see as in the first line of the proof of Theorem 7.1, that the sequence 
of functions 



1 

is dominated, for f e [l,oo), by the function 



ff >Wr (t)-fi(*) 



+ t^- 1 \6ji2t) - 6j(t)\ + t^^eit). 



(*) 



The first two terms above are clearly integrable on the interval [l,oo). We now examine the last term. 
From section 3, we see that 



/>oo -1 />oo 

t»W-i e ( t ) < 2i K W / e - 2tA 7V,(A)rfA + i^ / e"^ 



(A)dA. 
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We observe that for a > 0, one has 



Nj(X)d\ < / i R W- 1 fl i (a*)<ft. 



Therefore for s E F, one has 



) /"OO -i /*oo » 

W'^eftdt < 2 / t^-H^dt + - J t^-^jfydt < 
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'1 .A 

and the third term in (*) is integrable on the interval [l,oo). By Theorem 7.1, we see that 



lim t^- 1 



lK,W 



[t)-e s (t) 



o 



pointwise, for any t G [1, oo). By the Dominated Convergence Theorem, we conclude that for s E F 



dt < e 



for all 77 small enough, proving part 2. 

This is the analogue for L 2 -zeta functions of the results of || for the ordinary zeta function. Notice 
that in fact the proofs make no essential use of the representation of the fundamental group (they use 
only the fact that the commutant is a semi-finite von Neumann algebra). 

For the next theorem, we assume that the following conjecture holds, 

Assume that /3j(M,g) > 0. Then f3j(K,g) converges to (3j(M,g) as the mesh of the triangulation goes 
to zero. Here /3j(K,g) denotes the combinatorial counterpart of Pj(M, g). 

This conjecture was stated in the introduction and also discussed in section 4. Then in the notation 
of section 6, Theorem 4.1 combined with dominated convergence implies: 

Theorem 7.4 . Let (M,g) be a closed Riemannian manifold with positive (3-decay. Then the combina- 



torial partial zeta function of the operator ^f' W — ^oj^ 



c 



K,W{1) 



(s) 



r(«) Jo 



(t)dt 



converges for 3?(s) > ^dim M uniformly on compact subsets to 



Q] { ) ~ r( s ) Jo 



t s-l e \ , j t t 



;{t)dt 



while the other combinatorial partial zeta function of the operator A^' W — A^'- w ': 



K,W(oo) 



(s) 



— I t^e^r^ef^m 

(s) Ji J 
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converges for 3?(s) < j3 = min{/?j (M, g)} uniformly on compact subsets to 

Proof.Thc proof is similar to that given in the previous theorem, but now using the results in sections 
2 and 4 instead. The only new point to observe is that the assumption that the conjecture holds is used 
to show that when the mesh of the triangulation is small enough, one sees that f3j(K,g) is positive and 

so the combinatorial partial zeta function C,^ W ^°°\s) is defined. The detailed proof will be omitted. 



8 Appendix 

Here we present a proof due to Terry Lyons that 0o(M, g) > 1 and flo(M, g) > 1. He has kindly permitted 
us to do so. 

Proposition. (3 (M,g) > 1 and f3 Q (M,g) > 1. 

Proof. Let Ao,o be the spectral gap. Then there is a v > 0, v £ L°°(M) such that 

A t> = A 0)0 u. 

That is, v is a ground state for A which is unique up to a multiplicative constant. Then either there is 
a 7 e iti(M) such that j*v is not proportional to v, or for every 7 £ tti(M), 

for some morphism ip : m(M) — > 1R+. 

Case 1. Suppose that there is a 7 G iri(M) such that is not proportional to v. Then 

u = — — > 

v 

is a positive, non-constant harmonic function for the Markovian semi-group with integral kernel 

p t (x,y) =e x °- ot p t (x,y) ^4 • 
v(x) 

Since 1 and u are non-proportional positive harmonic functions for this semigroup, it is a classical result 
then that pt is transient cf.|l| page 44, that is, 




e x °- ot p t {x,x)dt < 00. 



Case 2. Suppose that for every 7 £ iri(M), 

7*i> = p{^)v 
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for some morphism tp : tti(M) — ► 1R+. Then the Markovian semigroup 

. Ill 7/1 

Pt(x,y) = e A °- ot p t {x,y) 



v(x) 

is 7Tx(M) invariant, by a simple calculation. Now by |L5| theorem 3, f>t admits a non-constant, positive 
harmonic function u. So we see again that pt(x, y) is transient. 

We conclude that pt{x,y) is always transient. It follows immediately that @o(M,g) > 1. To prove 
that Po(M,g) > 1, we further argue as follows. 

/oo 
e 0,ot pt(x,x)dt < oo. Recall that the function t — > e x °- ot pt{x,x) is non-increasing. 



Therefore 



and/3 (M,<7) > 1. 



-e Ao - ot p t (x,x) < I e •° s p s (x, x)ds < K 
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